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Abstract 

We study an A^-body Calogero model in the SAr-symmetric subspace of the 
positive definite Fock space. We construct a new algebra of SAr-symmetric 
operators represented on the symmetric Fock space, and find a natural orthog- 
onal basis by mapping the algebra onto the Heisenberg algebra. Our main 
result is the bosonic realization of nonlinear dynamical symmetry algebra 
describing the structure of degenerate levels of the Calogero model. 



The Calogero model [|I| describes a system of N bosonic particles on a line interacting 
through the inverse square and harmonic potential. It is completely integrable in both 
the classical and quantum case, the spectrum is known and the wave functions are given 
implicitly. The model is connected with a host of physical problems, ranging from condensed 
matter physics to gravity and string theory, so there is considerable interest in finding the 
basis set of orthonormal eigenfunctions, and the structure of the dynamical algebra that 
characterizes the eigenstates of the system. 

Investigations of the algebraic properties of the Calogero model in terms of the Sj^- 
extended Heisenberg algebra defined a basic algebraic setup for further research. For the 
Calogero model the orthonormal eigenfunctions in terms of (Hi-) Jack polynomials were 
constructed . The authors of Ref . |^ showed that the dynamical symmetry algebra of the 
two-body Calogero model was a polynomial generalization of the SU{2) algebra. The three- 
body problem was also treated 0, and the algebra of polynomial type and the action of its 
generators on the orthonornal basis were obtained. It was shown that in the two-body case 
the polynomial SU{2) algebra could be linearized, but an attempt to generalize this result 
to the A^-body case led to [N — 1) linear SU (2) subalgebras that operated only on subsets of 
the degenerate eigenspace . The general construction of the dynamical symmetry algebra 
was given in Ref. [Q. It was shown that algebra is intrinsicaly polynomial, and examples for 
lower N were provided, showing how everything could be computed in detail. However it 
would be interesting to determine the proper elements labelling the energy eigenstates and 
find corresponding ladder operators, for any A^. 
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In this letter we define the physical S'Ar-symmetric Fock space in terms of the minimal 
number of S'Ar-symmetric operators, and find the minimal set of relations which define the 
corresponding algebra An of operators {^^,^4^}. We construct a mapping from ordinary 
Bose oscillators satisfying the Heisenberg algebra to operators {y4fc,y4^}, and vice versa, for 
u > —1/N. This mapping induces a natural orthogonal basis in S'Ar-symmetric Fock space, 
labelling the energy eigenstates in terms of free oscillators quantum numbers. Finally, we 
construct a symmetry algebra describing the structure of degenerate eigenspace, in terms of 
ladder operators build out of bosonic oscillators. 

The Calogero model is defined by the following Hamiltonian: 

1 ^ 1 ^ iy(u -1) ^ 1 

^ i=l ^ i=l ^ i^j \-^% •^0) 

For simplicity, we have set /l, the mass of particles and the frequency of harmonic oscillators 
equal to one. The dimensionless constant v is the coupling constant (and/or the statistical 
parameter) and N is the number of particles. The ground-state wave function is, up to 
normalization, 

iI)q[xx,. . . ,xn) = 6{xi,...,XN)exp (-7;J2^^^ ' (2) 

where 



2f=i 



N 

9{xi, . . . ,xn) = '[[\xi - Xjl", (3) 



i<j 



with the ground-state energy Eq = N[l + {N — l)h']/2. 

Let us introduce the following analogs of creation and annihilation operators 

if ^1 

a^ = ^U + i^Y.——(^-K^,)+xA. (4) 
The elementary generators Kij of symmetry group SAr exchange labels i and j: 

KijKji = KjiKii = KiiKij, for i j, i I, j /, (5) 

and we set aj|0) = and Kij\0) = |0). One can easily check that the commutators of 
creation and annihilation operators are 



, a]] = 0, [tti, a]] = + ^ikj 



Qi, aj] = [a], a]] = 0, [a^, a]] = 1 + z/ ^ iTjfc 6ij - uKij. (6) 



After performing a similarity transformation on the Hamiltonian we obtain the reduced 
Hamiltonian 
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1 AT N 

H' = 9-'H9 = - J2{a„ 4} = J2 aU^ + ^o, (7) 

1=1 1=1 

acting on the space of symmetric functions. We restrict the Fock space {a|"^ ■ ■ ■ ajv^|0)} to 
the ^AT-symmetric subspace Fgy^^, where Af = J2iLi ^l^i ^^ts as the total number operator. 
In the following we demand that all states have positive norm, i. e., u > —1/N 0. Next, 
we introduce the collective Siv-symmetric operators |T^,|§1 



.=1 ^ 

The operator Bi = cti represents the center-of-mass operator (up to a constant) and we 
can remove it from the further considerations, since it commutes with all A\ operators. The 
symmetric Fock space -Fsymm is {-BJ^MI"^ ■ ■ -Aj^^lO)} and after removing Bi it reduces to 
the Fock subspace {A^2^ ■ ■ ■ A^^^}\0). The total number operator on Fgymm splits into 

1 ^ 
AT = -BIBi + at, A^t = at = ^ ahi, 

1=1 

N 

Jf^ =Jf=Y, kUk- (9) 

k=2 

Note that Mk are the number operators of A\ but not of A^, Ml ^ A4- 

Let us discuss the An algebra of the collective S'Ar-invariant operators Ak defined in 
Eq.(|D and acting on Fsymm, with additions of = iV • I, Ai = 0. It is obvious that 

[Am,A^] = [Ai^.Ai] = 0, Vm,n, 

[A„ [A„Xt]] = [A,-, V2, J, any Xt. (10) 

The second relation in (|ToD is a consequence of the Jacobi identity. The commutator 

min(m,n) ^ ^ 

[A^Ai]= E Ck{m,n){j{a^Y~ {J{ay~ (11) 



is an S'AT-symmetric, normally-ordered operator, where Ci ~ mn is different from zero and 
does not depend on z/. The symbolical expression (JIC')'^ denotes a product of operators 
Oi of the total order k in ai{a\). Hence, the structure of the An algebra is of the following 
type: 

[A„[A„...,[A,^.,At]]...] = ;^(nA)^-^ (12) 

where / = I]q=i ia > 2j. Generally, j successive commutators of Aj^, . . . , Ai. with A], form 
a homogeneous polynomial Sdl^)^ in o-i of order I — j with coefficients independent of 
V. The term Aj^j on the r.h.s. of Eq.(|12]) appears with the coefficient ijlaia)]^-- There are 
(^^0 ~ ^ linearly independent relations (p!2D. Specially, we find 

[A2,[A2,...[A2,4]...] = 2"n!A„. (13) 
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Note that any An, n > N can be algebraically expressed in terms of Am, m < N. For 
example, A4 = 1/2AI, A^ = 5/6A2A3 for < 3. The algebra An can be expressed in 
terms of 2(A^ — 1) algebraically independent operators. 

For general A^, the algebraic relations (0) completely determine the action of Aj., k < J\f 
on any state: 

A,Al-^ . . . 10) = E (n A^'' |0), (14) 



for k <J2^i, reducing it to the states with k > J^^i- For k > J^^i, one calculates the finite 
set of relations from (|D and (H), directly. Hence, the An algebra is closed in the sense of the 
successive commutation relation ([T^), finite and of polynomial type. Note that the action 
of AiA^j (and A/i) on the symmetric Fock subspace can be written as an infinite, normally 
ordered expansion 

M=t{UA'r'{u4'\y^^j- (15) 

k=0 

Applied to a monomial state of the finite order Af in -Fsymm, only the finite number of terms 
in Eq.(l^) will contribute. 

The algebraic relations, Eq.(^), are independent of u and are common to all sets of 
operators {A^, AI}, with A; = 2, 3, . . . , A^, satisfying 

[A, Aj] = [Al, A]] = 0, [Af„ A]] = 6,, A]. (16) 



Two different sets of operators A{i') and A(fi), satisfying the same algebra (|12[), differ only in 
the generalized vacuum conditions for k > J^f^i- Therefore, we denote the common algebra 
of operators {A^, A^} by An, and its representation for a given u > —1/N by An{i^)- 

Let us illustrate this by the = 3 case. The minimal set of relations which define the 
Asi^u) algebra of operators {A2, A3, A^, A3, AT} is 



[A,[A2,Al]]=AiA, 
[As,[As,Al]]=3Al, 
[Ai,[A2,[A3,Al]]]=6iAA2, 1 = 2,3, 
[A2,[A2,[A2,Al]]]=A8As, 

[A3,[A3,[A3,Al]]]=54Al-^Al, (17) 

plus generalized vacuum conditions 

A,\0) = AslO) = A^AllO) = AsAl\0) = A^aI'IO) = 0, 
^4|0) = 4(1 + 3z/)|0), A^AllO) = 2(1 + 3z/)(2 + 3z/)|0), 

AsAIaIIO) = 2(2 + 3z/)(4 + 3z/)4|0), A^AflO) = 2(2 + 3z/)(ll + 6u)AI\0). (18) 



This algebra Eg . {\17\} with the vacuum conditions (|l^) has a unique representation on Fsymm- 
Using Eqs.(P!7D and (^) one finds the action of operators A2 and ^3 on any state in the 
Fock space: 
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A2\n2,n3) = ^[^2) ''^^ + 2,^3 - 2) + An2{3n3 + ^2 + 3z/)|n2 - 1, n^), 

A3\n2,n3) = 2 (n;,{2 + 3z/)(l + 3z/ + Sria) + 9(2') + + ^2) + 27 (^""^'^ + ^^^(^2)) ^ 

X 1^2, ris - 1) + 48 (^^"^ \n2 - 3, ng + 1) - y (^""^ ^ |n2 + 3, - 3). (19) 

The ket \n2,ns) denotes the state AJ''M5''='|0). 

The general structure of the An algebra can be viewed as a generalization of triple 
operator algebras ||12| to (A^ + l)-tuple operator algebra. For N = 2, the A2 algebra is just 
[A2, [A2,A2]] = 8A2 for a single oscillator A2 = (ai — 02)^/2 describing the relative motion 
in the two body Calogero model. 

We point out that if the set of operators {A^, A^} satisfies relations (|1^) there exists 
a mapping A^ = fk{h,^\) from ordinary Bose oscillators {hi,h\} to {Afc,^^}. Namely, 
the relations = imply that the monomial states . . . |0) differing only in 

permutations of indices are all equal. The same property holds for the pure bosonic states. 
In order to construct the mapping, we first identify the vacua |0)a = |0)fe = |0) and the 



one-particle states A||0) = &1|0) y (0|AjA||0). Then we normally expand operators Ai as an 
infinite series in terms of monomials of free bosonic oscilators 

A. = E E iwt) fn^"^) ' E^^^ = EjS = ^ + ^- (20) 

The coefficients in expansion (^) can be calculated from matrix elements of scalar products 
in Fsymm [ini] by applying expansion to one-particle matrix elements (0|y4jy4]|0), then to 



two-particle matrix elements (0|AjAjA|.A||0), and so on. This mapping is invertible if there 
are no additional relations (null-norm states) in -Fgymm when compared with the bosonic 
Fock space Fb. It is sufficient to demand that all Gram matrices of the scalar products have 
the same signature (structure of the signs of eigenvalues) in both Fock spaces. It has been 
found in Ref. 0] that the full Fock space {a!""^ ■ ■ ■o]^'^|0)} for z/ > —1/N does not contain 
any additional null-norm states when compared with the bosonic Fock space Ff,. As -Fsymm 
is a subspace of full Fock space, it also does not contain any additional null-norm states, so, 
-P^symm IS isomorphic to Fb, and the mapping / is invertible for z/ > —1/N. 

The operators Cj, defined in Eq.(^), behave like free bosonic oscillators for z/ = and 
this boundary condition uniquely determines all coefficients in the corresponding mapping 
from operators Oj to the bosonic ones and vice versa. However, in the case of Ai operators, 
there is no such boundary condition. Hence, we have a freedoom of fixing the boundary 
condition, and this corresponds to freedom of choosing different orthogonal basis. Here, we 
choose a simple and natural way of fixing the boundary condition: 



\ 



722 ! 

4"10) ~ E |0), 2^2 + 3z3 = 3n3 
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<"|0)~E(n4"---feJ^")|0), Y.k^k = Nn^. (21) 



TV 

I 

k=2 

Only after fixing the boundary condition one can determine the coefficients in Eq. (pO|) in 
the unique way. For the N=3 case, we present resuhs for the first few coefficients in Eq.(pO|), 
up to + n < 5, for the operators A2 and A^. First, we write general expression (^OD , up to 
+ 72 < 5: 

^3 = fsbs + f32blb2bs + ■ ■ ■ , (22) 

with unknown coefficients f. Next, we apply Eqs.(^) to matrix elements defined between the 
states in the symmetric Fock space (AgjO), v43|0), Xl^lO), ^3^10), Aa^glO)) and using relations 



(p!9|), and the boundary conditions ( pi]) we calculate unknown coefficients. Finally, we obtain 

A2 = 2VI + 3z/ 62 + 2 (V2 + 3z/ - Vl + 3z/) blbl + 2 (V4 + 3u - Vl + 3z/) 46263, 

A3 = a/2(1 + 3z/)(2 + 3z/) 63 + f;/2(4 + 3i^)(2 + 3z/) - ^2(1 + 3z/)(2 + 3z/)) 6^6263, (23) 



and similarly for hermitian conjugates. From this example is clear that the mapping is real 
if there are no negative-norm states. The inverse mapping exists for v > —1/3, and all 
relations (pTD, and ( p3D can be reversed: 



A2 ^ A\AI ( 11 + 3u 



2y/Tl^ 8(1 + 3i/)3/2 [\ 2 + 3u 

^ AIA2AS 



4(1 + 3i/)3/2(2 + 3z/ 
^3 




2(l + 3z/)(2 + 3z/) 4 J2(l + 3z/)3(2 + 3z/ 




(24) 



Two different states A^"^ ■ ■ ■ Aj^^|0) and A^"^ ■ ■ ■ Aj^^|0) with the same energy [J^in-i = 
Y^in[) are not orthogonal. For example, 

mlAf\Q) = mlAflO) = ^{N - l)(iV - 2)(1 + uN){2 + uN). (25) 

However, monomial states n4"Vv^^|0) are orthogonal, so when we express bi = 

fj^^{Ak, AI), we obtain a natural orthogonal states in the symmetric Fock space, labelled 
by (n2, . . . ,'n.Ar), i.e., by free oscillators quantum numbers. Degenerate, orthogonal energy 
eigenstates of level J\f are then defined hy J\f = J2 i^i- For example, some orthogonal states 
for = 3 case are 

4|0) = -^=L=4|0), 6i|0) = ^_^__4|o), 
2vl + 3z/ J2(l + 3z/)(2 + 3z/) 
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4» = 



1 

4y^(l + 3z/)(2 + 3z/; 

1 



=4'|o) 



2^2(l + 3z/)(2 + 3z/)(4 + 3z/ 
1 



-4410), 



8^3(l + 3z/)(2 + 3z/)(l + z/) 
6^10) =« (-12(1 + z.)42|0)+4'|0) 



4'|o), 



12a/2(1 + z/)(l + 3z/)(2 + 3z/)[(l + z/)(2 + 3z/)(ll + 6z/) - 2]. 



(26) 



The dynamical symmetry algebra CnIu) of the Calogero model is defined as maximal 
algebra commuting with the Hamiltonian (|^). The generators of the Cn{i^) algebra act 
among the degenerate states with fixed energy E = M + Eq, M a, non-negative integer. 
Starting from any of degenerate states with energy E, all other states can be reached by 
applying generators of the algebra. Degeneracy appears for M >2. The vacuum |0) and the 
first excited state -Bi|0) are nondegenerate. For A/" = 2, the degenerate states are 5f |0) and 
A2IO); for A/" = 3, the degenerate states are i?P|0), i^jAalO) and A3IO), etc. The number of 
degenerate states of level M is given by partitions A/i, . . . , A4 of M such that M = J2k kAfk- 
The generators of the algebra €^(1^) can be chosen in different ways, and in the following we 
present a new and very simple bosonic realization of the dynamical algebra. The generators 
i = 2, . . . , N of the algebra represent a generahzation of the linear SU{2) case 
discussed in Ref. ISll: 



J' 



y/z(M-l)---(M-2 + l) 



- 1) • • ■ (M - z + 1) 



(27) 



One can express the generators J^'^ in terms of {A^, Aj^} using second relation in (20), for 
all V > —1/N. The coefficients in expansion depend on the statistical parameter ly. The 
generators {J^j^, J7J°} satisfy the following new algebra for every i, j = 2, . . . , N: 



7M(M-2+jy 



0, 



(28) 



Note that the generators JT^"*" and JT^ are hermitian conjugate to each other, and that rela- 
tions (p8D do not depend on z/. The Cn algebra contains (A^ — 1) linear SU{2) subalgebras. 
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i.e., \Jt^J^\ = "i-Ji-, [Ji-iJt] = '^Jt- Different SU{2) subalgebras are connected in a 
nonlinear way, namely, commutation relations (^) have nonlinear (algebraic in Afi) defor- 
mations. 

The states with fixed energy E = J\f are given by Dili ^|"Vv^^|0) with J^iLi'ini = 
M . These states are orthonormal and build an irreducible representation (IRREP) of the 
symmetry algebra Cn- 

The dimension of the IRREP on the states with fixed energy M of the algebra Cjv can 
be obtained recursively in A^: 

W/N] 

D{Af,N)= D{M - m,N -1). 
For example, for = 1, D^M , 1) = 1, i.e., for a single oscillator, there is no degeneracy; for 



N = 2, D{X,2) 



+ l,Af>0;ioiN = 3, 



Di^^,3) = Y: 



i=0 



-Af-3i- 




■Af- 


[ 2 \ 


+ 


. 3 . 



More specifically, for A/" = 6n + i, for some integer n and i = 0, 



D{6n + i,3) 
D{6n,3) 



(3n + + 1), for i 
3n{n + 1) + 1. 



.,5: 

,5, 



The structure of the IRREP 's of dynamical symmetry for = 4 is 

6l>) 6f4|0) 6i6j|0) 6^10) 6l|0) 
6^10) h\h\\Q) 6t|o) 
hf\Q) 4|0) 
6l|0) 
|0) 



(29) 



Note that the dynamical symmetry algebra of the Hamiltonian Hi = J2k=i ^I^fc (-^)- 
The corresponding generators are blbj, and [Hi, bib j] = for all i and j. The degenerate 
states are HiLibj^' /y/n^JlO) with J^i^i = Af. They form a totally symmetric IRREP of 
SU{N) described by the Young diagram with AT-boxes | | ... | 



Af 

The states of the same Fock space {Hi &|"V"\/^|0)} ^^re differently arranged in represen- 
tations of SU{N) and Cn algebra. In respect to Hi, degenerate states are organized into 
the SU{N) I | ... | I symmetric IRREP's. However, in respect to H2 = H' — Eq = Yld=i = 

M 

Ylf=i ibjbi, with J\fi 7^ blbi, degenerate states build the AT-IRREP of the Cn algebra. In this 
sense, one can (formally) say that the nonlinear dynamical algebra Cn of the Hamiltonian 
H2 is related to the boson realization of SU {N) algebra describing the dynamical symmetry 
of the Hamiltonian Hi . 

We have studied the Calogero model in the harmonic potential for N identical bosons. 
We have started with the Fock space of states with positive definite norms, and restricted 
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ourselves to the subspace of all symmetric states. After separating the center-of-mass coor- 
dinate, we have concentrated on the space 

{4"' ■ • • ^j^'^llO) of operators {Ak, AI}. There 
exist number operators A/fc that are not hermitian, since the monomial states in Fock space 
-Psymm cire uot mutually orthogonal. The action of the operators Aj. on the states in Fock 
space can be calculated using successive commutators defining the algebra An, and gener- 
alized vacuum conditions. We have shown that there exists a mapping from ordinary Bose 
oscillators to operators {A^, and its inverse, provided that u > —1/N. In that way we 
obtained a natural orthogonal basis for S'at— symmetric Fock space, an alternative to Jack 
polynomials. Finally, we constructed a dynamical symmetry algebra describing the structure 
of degenerate eigenspace, in terms of ladder operators build out of the bosonic oscillators. 
This bosonic realization of the symmetry algebra provides more insight on the nature of the 
degenerate energy eigenstates in the Calogero model. These results can also be applied to 
the finite Chern-Simons matrix model [|l4l, since the observables, i.e., the SU{N) invariant 
operators TrA" defined in that model satisfy the same An algebra. 
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